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PREFAOE

. ~ ,-- In making.ava~lable in English the present axticle by. .

R. Becker on Impact Waves and Detonation, there Is here pre-

sented with complete bibliography not OIIIYan excellent crit-

ical resume’of prevhus” experimental and theoretical inves-

tigations of the Berthelot Explosive Wave but also the most ,

notable recent contribution that has been made to the subject.

“ bong the numerous thermodynamic and kinetic problems

that have sxlsen in the application of the gaseous explosive
\

reaotlon as a source of powez In the internal combustion en-

gine, the problem of the mode or way by which the transform-

tlon proceeds and the rate at which the heat energy Is deliv-

ered to the working fluid became very early in the enginels

development a problem of prime importance. It was Mernst who

first made it clear in sn address entitled ‘Physico-ChemiceZ.

Considerations Concerning the Process of Combustion In Gas .

Engines,m given before the General Conference of German En@-

neers held at Magdeburg in 1905, that the thermodynamics of

the gas engine did not rest, as is assumed in the case of the

steam engine, upon the thermodynamics of a gaseous working

fluid of constant composition; but that a thermodynamic refer-

ence cycle of maximum work applloable to internal combustion
..- ... ,,

engines must be referred to-t’hethe-tiod@am~c‘cycleof the “

chemioal transformation taking place within the cylinder, viz.,

A= RTlnK.

. ..

,
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At the same time he slso pointed out that the rapid energy re-
. ,.
~lease withi”n--theoyllnder raised other important proble-m”sbe-

sides that of the thermodynamics of the chemical reaotion.

These questions had to do with the hytiodynmlos of the fluid,

the profound effect of impaot waves and their propagation

through the burned and unburned gases. He showed how many of

the phenomena conneoted with the combustion of the explosive

gases observed by Berthelot, Dixon, and others found adequate

explanation in hydrodfiamio laws of fluids. This important

,phase of e~losion phenomena was made the subject of extended

“ investigation by Jouguet and Crussard with results that have

been very generally aooepted. The work of Becker here given

Is a notable extension of these earlier Investigations, be-

cause It covers the entire range of the e~losive reaotion in “

gases - normsl detonation and normsl burn.lng. .

The successful practical working of the gas engine depends

upon an explosive range usually designated as normal burning.

The National Advisory Committee for Aeronautics has supported

investigations into this phase of the reaotion and wml.dhere

oall attention to some of the results of this work that seem

to supplement In some measure the analysis left incomplete In

- the work of Beokex. Reports of.this work on the kinetics of

the gaseous explosive reaction at oonstant pressure may be
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found in the Oommitteels Teohnloal Reports* Nos. 176, 280 and

305= ““““--”“
,-

Of particular Interest in this oonneotion as indicating

a relation between the two Imown modes of explosive transfor-

mation - normal detonation and narmsl burning - is the e~eri-

mental work of Wendlandt, ‘Experimental Investigations of the

Limits of Detonation in Mixtures of Explosive Gases,ilZ. f=

physlk. ohem. ~, 637 (1924). Also, bearing directly on the

subjeot of combustion msy be mentioned ~Velocity of Reaction.

end Thermod~amics,ll by M. E. Jouguet, Ann. de Physique ~, 5,

(1926). A.lSO, ‘Thermal Equilibrium from the Standpoint of

Chemioel Kinetios end Photochemistry,” by Wern& K-, Jo de

Ohlm. physique 23, 369 (1926).

NATIONAL ADVISORY COMMITTEE
FOR KZRONAUTICS.

.

.

* mA Constant Pres,sureBomb,llby F. W. Stevens. N.LC.A. Teoh-
niosl Report No. 176. (1923) .
....

nThe Gaseous Explosive Reaotion - The Effe-ctof Inert Gas H
by F. W. Stevens. N.A.C.& Teohnioal Report No. 280. /1927)

“The Gaseous Explosive Reaotion - A Study of the Kinetios of
Composite Fuels)fiby F. W. Stevens. N.A.C.A. TechnicsJ.
Report No. 305. (1929)
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.- .- - IMPACTWAVESAND DETONATION.*

By R. Beoker.

PART 1.

Introduction

As Rlemann (Uber die Fortpflanzuiigebener Luftwellen von

endliohe!cSchwingungsweite, &t. (%S. d. WiSS. & (1860), Und

Riemannls ges. Werke, 2 Aufl. S. 156. Vergl. such Rieznann-

Weber, Partielle differentialgleichungen,5 Aufl. Bd. II,

S. 507) was carrying out the inte~ation cf pmtlel differen-

tisJ.equations for a one-dimensional flow of en idesl gas, he

made the discovery that a state of flow marked by constant

distribution of density and velocity could pass over to a state

of flow in which certain surfaces would form within the gases

at which the constsat magnitudes - density and velocity - men- -

tioned above would vary within finite limits. A discussion

concerning the further course of these disturbances can only -

follow after the differential equations have been affected by

such conditions as will satisfy the equations of “statefor

t%hegas on both sides of the unstable surface: These condi-
,- -..

tions.lead to the statement that the laws of the conservation

of mass and of energy as well as the impact law must not be
:. +

violated by the passage of.the gas through the unstable s~f~e.
*From Zeltschrift f~ Physik, Volume 8, p.321 et seq. (1922).

.—-. . . . - . ----- — -.
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Riemsnn in his trectment of the subject made the error of oon-

sldering the energy equation.unneuesscry nnd introduced in its
.-.%...

stead the asm&ption that the ch~es of state suffered by the

gases in passing the un~table surface was adiabatic. In oon-

sequenoe, as Lord Rsyleigh (Theory of Sound, vol. II, p. 41)

has pointed out, his equations do npt satisfy the Cenergylaws.

Loter, Hugoniot (Journ. de l~ecole polytech., Paris, 57, 58,

(1887), (1889) ) without knowledge of the work of Rlemann,

gave an extended mathematloal anmysis of one-dimensional alr

movement in which the relationship with the energy laws was

cleerly brought out. His treatment of the ~ji~w.~

(whloh hereafter will be designated flimpactweves” or concen-

tration Impulse) reveoled the fnct that by taking into aocount

the energy laws the changes of state suffered by the gases in

passing the surfaoes of instability did not follow the law of

(static) adiabatic but another law which he called ndynomic

adlabaticsfland which wI1l be referred to In what follows as

the ‘IHugonlot=equation.N

Later on extended treatment of the mathematlccl side of

our problem will be given’,followlng the work of Hadanuud

(Propagation des ondes. Paris, (1903) and of Zemplen (Unste-

tege Bewegungen in Fluss;gkeiten, (Enzykl. d. math. Wissen.

Bd: IV,2- Teil,-1 Helft9). In the mathematical nomenclature

we shall refer to a surfaae whose two sides differ in density

and velocity by finite amounts, as unstable surfnoes of the
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fifirstorder.n Unstable surfaces of the seoond, third, eto.,

orders are those whose f$rst, second, eto. derivatives of those

magnitudes are instable in referenoe to spaoe and time. Our

impulse wave IS therefore an instability of the first order.

An hportant deduotion of the theory is the consequence

that concentration waves of finite over-pressure spontaneously

pass Into steep compression impulses (sound waves) whose rate

of propagation is the normal rate of sound propagation in the

gases only for the limiting case of infinitely small compress-

ion; but with increasing intensity the velocity of propsg&

tlon may Increase Indefinitely. The fact that sound waves

may travel with velooity greater than the ordinary speed of

sound, w~ first demonstrated by Mach (Wiener Ber. ~ (1875) .

75 (1877) 77 (1878), and his co-workers.— — He produced the sound

waves studied either by an electrlc~ spuk or by a fulminate.

Martin (Z. f. d. ges. Schiess. u. Sprmgstoffwesen, 12, 39

(191?) ) likewise worked with a number of explosives for the

production of the sound waves studied by him. He ucceeded in
#$h-eYlqp01#4v

establishing a quantitative i!elaIon between the brissnz of
~

the e~losive and the velocity Of propagation of its sound wave.

Ilmther, we have Wolff (Ann. d. ~hys. 69, 329 (1899) ) to thank

for extensive measurements of so&d waves generated by heavy
... ..
e~loslons. All of these measure~ents have’to do with the case

of the free, spatial propagation pf sound waves whose theoret-

ical treatmeht has so fsz been unsuco.essful. With the view of

.

. —— .- . .
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testing out the theory of one-dimensional movement in gases,

Tlelle ~Metiotial”despoudres et salpetres, 10, 177, (1899-1900))

carried out a great number cf experiments. He prevented the

spatial expansfon of the sound waves by produolng the sound

within a steel tube. By this meens he was able to observe the

-increasing flsteepness~of the wave front and ticinorease Its

velocity of propagation three$old above the normal velooity of

sound.

Technioal prsntioe has presented us with two groups of

phenomena whose relationship to the theory of compressions i-

-pulses has only become lmowmand made ole~ after long and

~duous experimental effort. The first group is oonoerned with

the flow of gases and vapors from openings of different form”s .

and is of speoial importance for the construction cf steam

turbines. Extended analyses of these processes and the prob-

lems they present will be found by Stodola (Die Dampfturbinen,

Berlln, 1905), Prandtl (Handw&&%uoh d. Naturwissenschaften,

Bd. 4, Jene, 1913), Sohroter and Prandtl (Enzykl. d. math.

Wissen. Bd. .V, Teil 1 Heft 2). .

The seoond group of phennmena:’connectedwith the theory

of oompressionel’Impulses sxlses from the rapid ohemlcel”trans-

formations of explosive”material. That the effect of such an... .. . .,,, .,. -1 . ,. -.
explosive transformation on the surrounding air is to produce

a disturbance of the nature of a sound wave, has already been

referred to. But the spatial propagation of the area of ewl-

-—.
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.

slve transformation within the explosive gases (the detonation
.

-wame)””is in itself only a special case of a ccmpressio@l i-

pulse.

The ‘ldetonatlonwave~ was first

Berthelot (Sur la force des matleres

nbserved and measuxed by

e~lcsives, Pais, (1883)

C.R. 93, 18, (1881) ). Its close relationship with Riemann~s

thecry of ocmpressionel Impact was recc&nized by Schuster

(philos. Tr~s. Lcndcn (1893) p. 152); while Chapman (Phil.

Msg. 47, 90 (1839) ) was the first to deduce frem the princi-—

plea enumerated by Rlemann the ccmplete fundamental equaticns

leading to the determination of the rate of propagation of the

“detonation wave.fi An extended analysis and discussion of

these equations accompanied by numerioal.experimental vslues

was later carried cut by Jcuguet (Jour. d. Math. ~, 347 (1905)

~, 5, (1908) ) and by Crussard (Bull. de la SCC. d hind. min-

er~e, Saint-Etieme, g, 109 (1907) ). Their results shcwed

satisfactory and far-reaching agreement between the experi-

“mentslvsLues obtained by Dixon (Phil,’Trans. London (1893)
.

snd (1903) ) and the values calculated by them. An investig-

ationcerried out by Taffenel snd Dautrlsche (CbR.

(1912) ) in which they sought to demonstrate the thecry of com-

pressional Impulses numerically as”’applledto solid ex@osives,
... . . ....- ......

came to grief thrcugh their errcr in using an approximated form

of van der Wsalls equation of state as
.
ing the reel condition of gases at any

an expression represetit-

concentrationg In a
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●

short communication (Becker, Z. f. Elektxochem. ~, 40 (%917),

Z. ‘f:’‘Physik?!,393 (1921) I brought together a few consider-

ations which in the simplest way and without sny assumptions

concerning the state of the reacting components led directly

to the equations for detonation. I was able to show by the use

of en equation of state based on the experimental vslues oh

talned by Amegat (Becker, 1.c) that these equatione led to

reasonable values for the rate of propagation of the det(?natlon

wave even In the case of solid explosive.

The theory cf compresslonal impulses therefore seems to

rest~ upon a well established mathematical basis which Is fur-

ther supported by extensive e~erlmenta3 results? But in spite

of this, from a purely physicel standpoint, Its present form Is

unsatisfactory. The initial given conditions required for.~

expression of state (density, pressuz!e,velocity) existing on
&\$cr.a~Cfiti\i.~

both sides of the surface of instabilit~ are indeed”sufficient

for a thorough macroscopic description of the phenomena; never-

theless they give us no insight Intc the autua3 processes in-

volved.in the transformation It Is for Instance not made clear

why 1P a detonation wave the compression no longer remains

adiabatic but follows the Hugonict eqwtion itistead. In order

to arrive at a purel~~hysica3 theory some insight Is required.- .- ..,5,, .,
of the mbroscopio structure of the wave front. In what fol-

lows I shall show In Section 1 by simple means snd by figures,

in Section 2 by mathematical treatment of the ssme prooesses
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...thatthe fluid is free fzom frlotion and heat conduction. w

When, however, it is recognized and taken into aooount (Seo-

tlon 3) that no subetanoe exists free from frlotion and heat

oonduotion It must follow that a sharply defined surfaoe of

Instability camnot arise.

thiokness. This statement

ges. Turbinenwesen ~, 241,

The impact wave must have a finite

was first made by Prandtl (Z, f. d.

(1906) ). If the differential equa-

tions for one-dimensional movement are affeoted with terms ex-

pressing the effect of frlotion and heat oonduotion (Section 4),

there is obtained by Integration without paxtlcular dlffioulty

not only the Rlemsnn-Hugoniot equations for the macrosoo Ic
?the equat ons

characteristics of impulse waves (section 5), but/a,lsolend

some insight into their microscopic

The computation of the thickness of

lustrated by numerical examples.

structve (Section 6).

impulse waves will be il-

A knowledge of the processes tsking plaoe within the wave

.frcmtis slso a necess~ prelimlnazy to a real knowledge of

the detonatio~ wave; by osrrying out the consequences of the .

theory of instability one is led by compelling and UIstak- :

able ways to values of detonation Velooity (Section 8 - See

N.A.C.A. Teohnical Memorandum No. 506, whioh is a continuation

of this report), aad detonation pressure (Section 9 - T.M. 506);

yet It remains entirely unexplained how the initial components

against the wave front are brought to a oondition of activation.

--
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By application of the knowledge won concerning compressiond-

‘hpulses an understanding of this process is somewhat assisted

elthough much yet remains to be satisfactorily explained (Sec-

tion 10 - T.M. NO. 506).

A. The Formation of Compression Impulses

1. A simple method of treatment.- In order to represent

in a simple way how compression impulses may be formed, imagine

the device represented In Figure 1 - a long tube closed at the

left by a piston a, and filled with air. A small velccity

dw, Is imp~ted to the piston. This movement produces in the

gases a weak compresshn wave that-travels from left to right

with the velocity of sound c = m. At a given instant

(Fig. 1, b), the gas to the right of the wave front remains

unchemged and at rest, while the air between the wave front

and the piston is adiabatically compressed by an amount dP ,

ahd has the velooity dw. The velocity of the piston is now

increased by the amount. dw whereby a se~ond compression wave

is produced in the gas and is propagated along the tube behind

the first (Fig. 1, c). By repeating this process the ve1601ty

of the piston is finally brought to the velocity w.” There ,is

thus produced within the mass of gas in the tube a terrassed
. .. ,,.. . ...

fo~ of wave whose psxticles to the left move with the velocity
-.

w. What is the further history and fate of this wave? In the

first place it Is plain that the stratum of the terrass to the .

●

�✎
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left has a greater velocity relative to the tube than the

strata to the right. Besides, the temperature and hence the”.. . . . . . . . ---- .-.

sound mlocity is greater in the strata

the right. As a consequence the strata

wave front beoomes steeper, (Figure l,e

be overlooked

front beoomes

tion 2).

what will happen “tienthe

infinite ( a condition to

If, on the contr~y, the piston is

to the left than to

@raw together and the

snd l,f]. It must not

steepness of the wave

be Considered.in Sec-

given a

the left a rarefw,tion wave will be produoed in

may be easily realized fro-manslogy to What has

velocity to

the tube as

been stated.

The rmefaation wave will, oontrary to the compression wave,

beoome ever flatter snd flatter the further it advances in the

tube.

In

that of

506) of

‘willbe

because

conventional expositions of the subject (for example,

Riemann-We%er, vol~ 2) as also in Section 9’(T.M. No.

thlsnArbelt,N a consideration of rtiefaotion waves

excluded beoause they involve a loss of entropy and

from the seoond law of thermodynamics they are impos-

sible of propagation. It will be shown here that from the

standpoint’of pure mechanics they oannot develop. At the end

of the next paragraph, also in Seotion 9 (T.M. No. 506), it

‘willbe shown that both conditions (the

ohmic) are really identical.

.

thermodynamic and me-

.-
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2. A mathematical treatment of the same processes.- .m-

ticipatlng applications to be made later, the differential

equations describing the unidimensional gas movement will be

so written as to include the effect of friction.snd heat con-

ductivity.

~ represents the very smsll thioknese of ~y cross sec-

tion of the tube; x the spatial coordinate measured along .

the length of the tube; t the time; u the velocity; p the

density; p the pressure.*

In a characteristic (3 of a

be written

Then, as is oustomary, the ohange

materiel particle with time may .

(1)

(la)

The mass of the cross section layer ~ is p I . The momentum

P ~ [E+$~Pll Is the effeotlve pressure In the direction of

the sxis of the”tube and perpendlculax to the surface of the

layer 1; h the heat oonduotivity; w a friotio~ coeffiolent.

Then, from elementary laws,

& .[PE.)= Oj
s:”

ad
+(u, PO=”~#@ =-~~

(%L =-
ax F



.. .

11

where p is related to viscosity, q as Indicated by the equ~

tlon

(2)

which follows from the symme”trycharacteristics of pressure

tensors Pik. The three equations may then be written-

Introducing

(3c) may be

d
+d=- Pg,

the entropy S, by the relation

(3a)

(3b)

TdS=dE-P~

in which the change of entropy with time is given as dffected

by frictlon and heat conductivlty. “

L* ,.. B@ for the present we wI>l neglect the effeot of fric-.-.,, .,

tion and heat conduction. Equation (3ci) will then read simply

8 = const.

*See Weber and Gsnst Report d. Phys. 1} 1, p.349. .
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That 1s, compression In the waves takes ple,oeadiabatically

and for the case of n ideal gas, “
----- ...... -.,. ,.-..-.

“P = aa # (4)

where aa ~s a constah~ and k = ~ the ratio of specifio
v

heats. With referenoe to equations (1) and (4).&nd with w = O

and h=O,

(5a)

(m)

.

The integrals u (X,t) and p (x,t) corresponding to the

simple trectment of the prooess oarried out in Seotion 1, per-

mit of a much simpler derivation, with the aid of the theory

of characteristics, than that given by Riemann, Hadamard. To

this end consider a linear element (dx,dt) drawn in the plane

x,t (Fig. 2). Its direction is indicated by the equation

Any function wktever

F
the value dG = ~~ Q

&= q dt

as G (x$t) chnmges along this

+aG, dt.~) From the expressions

and p In equations (5) we till select as function of

line by

for u

G,

u= f (P) where f, primarily an undetermined function of

Iii
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By addition and subtraction of the eqresslon
------- -..7.
.

i-

the expression within the parentheses beoomes

d(u+f)=[{-~ +u#+~fl (Q-u)}

B’rom(5a) and (5b) the right side of the above equation

vsnishes when

that is, if

or

/x @
fl=_l ‘p ~dq=u- ‘p

P

But this mesns, In reference to the problem in hand, thatvthe
,,,

curve

the

and

%. the

=U.+%. 1>
d
P

expression

Q

.

U+J* dp dp ~oonst.
..

slong the ourve

=u - fi
d’

% , p

eqresslon

h
k

U-I* d @’”oonBt”

{6a)

.

(6b)

Ii
■ m-,,, .,, ,
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The applioatlon of “thisresult to the problem as sinrply
*

disoussed in Section 1 is self-evident: In the tube of infinite
.- . , — . .%,

length, the pos~tion of the plston~at t = Oisx=Osnd

it is at rest (Figure 2). Its position in suooeedhg inter-

vals is Indioated by the ourve C in the x,t coordinate figuce,

as its velooity oonstan.tly

andt=T, and from then

changes between the instant t = O

on it prooeeds at a constant veloo-

Ity Ut. If we indicate by

the piston,’then, for

the index s values referring to-
~l_\;# ~

!(
~cc

o<ta<T ;Xs=ats? and Us = g ts

“}

(7)

for ts>T :Xs=gTtB-~7a andus=gT = U1

.,

Further, throughout the tube, let t = O, then u = O

and P=PO and the curves constructed from

tire spaoe between the x-axis snd the curve

for t=O, u- J $fgdP has the same

the entire rsnge,

U.J:
f

$$ dp = oonstg

and besides, since for the a&ve (6a)

(6b) fill the en-

c. Since, now,

vslue throughout

U+J+
1

dp dP
?@ = oonst.,

.,
& . . so must.it also follow that along the (6a) curve u and P re-...-

malzloonstant. On the x-axis itself u = O. Therefore, through

out the entire range the relationship between u and p will be

,.

iii . . —— ,. —. —.—— —,, . -. .— . . ..
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J.

1

------- ---------- -

.T At the piston and
I

t (7) ) is given; and
,r

therefore draw through

x- x~ =

along whioh u and p

(8)

.. 0

hence along the cuxve C, us (accordi@

from (8) pe may also be known. We can

every point x~, t* . the straight line

(t - tJ [us +(’/%)2

have oonstant values .6 and pa.

.(9)

In the case of the piston motion (7) the portion of the

coordinate figure enclosed by the x-axis and the curve C will

be divided into three parts by the two lines drawn aooording to

(9) from the points O and T. For the lower portion u = O.

The middle portion u varies between u = O and u = ~. In

the upper portion u is finally oonstsnt = UI.

In gaseous media acoordhg to (4).:

“ &=dFy
.f@&=~p*

If the veloolty.of sound at Initial.conditions be given as

oo=aJG%
.,.

Then according to (8)

f
dp

u= )1+(?QI-.s4-..-.~...,
or

($-)== ($7 = , i&*
.

(163)
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1$’ Finally the slope of the Gu”ves (6a) and (6b) is given by
I
● .
-. --,. ,-, -,....

1i u+
o

d“ k+l=oo+u —
P. 2

f.:
,.,
.,

f
dp

- (co
k)

u-
m=

- u ,+,
\

16

(11)

This qolution denie6 that u may possess at the instant

of orossing of any two curves of the (9) group, two different

values. The intereeotion of two curves of the (9) group Is

the oomplete and.ytiosl counterpart of the conditions referred

to in Seotion 1, where one wave overtakes dnother. Position X

and time T of this coincidence are given by the values of x

and t celoulated from (9) together with the equatio=ob-

tained by differentiating with

-gts= tmk~l

where, by the help of (11) and

axe expressed as functions of

tained

T =&

X=~kg

respect to ts:

-tsg(k+l)w co,

(7) the magnitudes x*, us, (n
%4

ts. In this way there is ob= .

t~ + O. T.

The first position of instability occurs from the coordi-

l., nate point of reference, ts = O at the instant

To=%
c~

& and atthepoint ’~= ~~.
.

\ —. —-
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If the

velocity of

.,,”

‘,,

so that the

will be

piston in one-half second is moved

100 m/s m’d then proceeds at that

g = 200 mj~

Qo = 330 m~s

k = 1.4

T = 0.5 seo

U* = 100 m/s . .

17

from rest to a

constant rate,

time and place of the first surface of instability

x= 453 m
b

T = 1.38 sec

For this example the pressure Increase csloulated from (10)

and the

In

Icslly.

axis of

PI
— = 1.51
Po

inorease in density

~

P.
= 1.34

R’igure3 the example just given is represented graph-

The course of the velocity u of tie wave along the

the tube x, is drawn for the intervals 0.2, 0.6, “

1.0, and 1.4 see. The figure plainly shows the increasing
t

steepness of the wave form,

The mechanical production of a compression impulse accor~

— — —.
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ing to the above, depends upon the condition that within an

adiabatio wave train those regions of greater density strive.,
J

,.,,.
1.
.;

.-.

to become more dense at the e~ense of the less dense regions.

That is the velocity expressed by’(6a),

must increase with increasing density. If we substitute for

u its value in.(8) we have-the condition

or

●

iii —.

*+(, J*). O

---x

If we substitute for(~pj””~, we obtain
..

3d

r

dp
‘G

.Z>o

or, finally,

(
da~ >()
“&diab.

It ~s possible then to make the followlng generalization:

In an~ osslble to reduce onl

oompresslon or rarefied lrmmJ.sesacoordln~ as the value of

&p() Is ositlve or negative. Exactly this same oriterion
P&& D .
will be met with (Seotlon 9 - T.M. No. 506) in discussing the

thermodynamic possibility of produoing compresslonal impulses.

----- -— -—— . -- -.. -. — — —
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3. The necessity of taking Into account the effect of

friotion and heat conductivity. The considerations set forth

in Seotions 1 and 2 gave a solution of the problem only to the

instant at whioh instability in.the gases appeared. A further

consideration of the prooesses is made ~ossible If there be

added to the Rlemann-Hugoniot line of an~ysis three equations

involving the magnitudes u, and p on both sides of the in-

stable mrfaoe. This extension of the analysis of the proo- .

esses 1S made necessary If we are to secure the reasoning

against any possible violation of the laws of the conservation

of mass snd of energy, also the Impaot law. These equations

are identiosl with equations (14). They will later on receive

extended consideration.

This procedure is free from objection - indeed, it seems

the only possible one - In so fax as equations (5) ~e axio-

matically aocepted as describing what aqtually takes plaoe.

But from the standpoint of physics, this objection may be made:

Equations (5) hold only so long as frlotlon snd hea$ conduc-

tivity may be oonsldered negligible. But since no substances “

are known to exist free from these oharaoterlstfcs, these equa-

tions must give results that are in error as soon as the tem-

perature decrease or the rate of change of volume exceeds a
.....- -. -.

certain Iimitl These values aocordlng to the above oonsider-

tlons would a~ear to be too significant to be neglected. The

application of equatloas (5) are not admissible at this polnt~
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If we refer for a moment to the simple exposition of the -

prooess as given in Section 1, we will be led to e~eot the

following: When the wave fron’t”hasreaohed a certain steepness,

the counter forces of friotion and heat conduction oppose the

tendenqy to further compression. A condition will be reauhed

where these two tendencies compensate eaoh other tid from this

point on a quasi-stationary wave form will be propagated along
. .

the tube.

Before seeking in this sense an integration of the general
●

equation (3) we shall attempt to show in a wholly qualitative

way how the oourse of temperature ohsnge Is influenced by heat ‘

conduction. Let the line ABCD represent the oouse of tem-

perature change in the neighborhood of a compression wave.(Fig.

4). Assume the increase of pressure to be suoh that due to

adiabatio compression, the absolute temperature is Increased

threefold; for exsmple, from 300° to 900° absolute. The role

of heat conduotlvity will be the most significant among the .

gas molecules at B snd O - the positions of greatest ch~e

‘ in the temperature gradient. The gases flowlng from D may

gain in temperature about 200° and at B be cooled by a like

mount , At 500° they are affected by adiabatio compressio~

. that increases the temperature threefold, that is, to 1500°.

By conduction they lose at

at a temperature of 1300°.

milt would seem to be that

B 200°, thus proceeding toward A

At first sight the paradoxical re-

in consequence of heat con&uctlon .

———
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-. -. —.

an initial temperature dlfferenoe of 600° has been inoreased

to 1000°1 But in truth, with the ohange in temperature dif-

ference there has followed a change in pressure end density

difference whloh are in themselves a source of wave formation

thrown baok from the original wave front toward”the piston.* .

In this way the aotusl prooesses in the formation of oompres-

slon impulses are seen to be so complicated that at present a
\ #

complete theoretical treatment of their formation seems out of

the question. Only after the impulse wave has become quasi- ‘ .

stationary do we agti find conditions more satisfactory for

theoretical analysls.

I’rorna consideration of the above roughly qualitative dis-

I cusblon it is not to be wondered at if we meet with surprising

temperature differences in impaot waves of high compression.

B. The Stationary Compression Impulse - .

4. Different1s2 equations.- In this paragraph we sha31

investigate the characteristics of compressionel impulses sf-
..

ter they have assumed the form of a quasi-stationary wave.

We shall imagine that the coordinate system of referenoe moves

synchronously with the oompreseion wave. In this way the wave

may “betreated as aotually stationary. We shall therefore ~n-

tegrate equations (3) for the case that the partial deriva-

tives vanish with the time. ~cordingly, we substItute for
.

..
*These waves find their ~~ogue in detonation in the ‘retOn~
tion wavesfiof Dixon snd le Ohwtelier.

1

——
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The first equation may be integrated at onoe and by that the

seoond. If we substitute from the solution of the first and

seoond equations pu ~d ~“- ~ In the third equation, it

may also be integrated. By the aid of the three integration

oonstants M, J, and F snd by the substitution of the density

P, the reciprocal speoiflo Volume $, there is obtained the

differential equations for the stationary compression impulse.

u= Mv (12a)

~v+p-J= vMg (12b)

iii

E+Jv-~~ti-~=;~ (120)

:,
.
/. om these equations energy E and temperature T are seen

~ be given functions of pressure and volume. A second lfite-..

s
@tion of these equations gives the desired oontlnuous trans-

“,.!.~
f$erof the magnitudes ~ , VI, ~ In front’of the oonoentrw

tioq impylse, to their magn$tudq~ ~, Va , ~ behind It. The

relations that prevail between thsse six magnitudes me at

onoe manifest by observing”that only within the wave front

itself

k — ——

do

.-

‘T differ appreO~eblYthe expressions ~ snci ~

—. — .— .——
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from O. For any point outside the wave front we may therefore
●

“-. . . -write ‘--- .! ..-

U-=
v Id.

.
&+p=J
‘v

E+~+pv=F

(13)

4

, If we oompexe any two suoh positions with eaoh other, we must
*;)

!Q+p=w+p
?~ 1 ‘a a

(14a)

(14b)

(140)

These fundamental equations expressing the maorosoopic ohar-

aoteristi”osof impulse waves are, as given, independent of

the magnitude of friotion V, and of heat conductivity X.

They are identioal with the stipulations made in the intro-

. . . dqotory treatment for the conditlonB on beth sides of the. .

layer of instability, and oould, in f~t~ be directly written
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there if it is also speoified that for the ease of a station-

-., ary-wave the transport per se.o.ond.ofrnass4impulse end energy

through any two oross seotions of the tube are the same. “

t

5. The maoroscoplo chsraoteristics of compressioncil.lm-

E!&!2Q!”- Before oaxrying out the lnte@atlon of equations (12)

we will gather some conception of the significance of equm

tions (14). To this end we solve (14a) ond (14b) for ~ ond

U* and substitute the values In (lAc). We then have

Pa - PI
u la = v..

‘1 - ‘a
(15a)

(15b)

Es-El= A (P. ‘P*) (v. ‘va) (150)

Equation (15c) is the Rugoniot equation vhich in the ease of

impaot waves - detonation -

relation, da=o.

For smo31 differences-

oomes dE -pdv=O, -an
,..

aiiiatwitlo.

I

takes the place of the adiabatic
. .

h - El ~d V1-~a, (150) be-

e~ression identical with the

,.

ii
.x -.— —- .—. — .-—
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The velocity of propagation D, of the Impaot (detonation)

---,.. --wavein.a.medium at rep~-h.and,theflow velooity W ~t up in.--..,.,.

*he medium behind the detonation-wave sre ,e~ressed by

w=u~- U==(VL -
Va)m

The impulse (detonation) wave is determined

}

(16)

.
by the Initiel oon-

dition of the medium (pi and “v~) as well as the pressure ~,

within the wave. limther, It is desired to find the faotors

(D, W, T=, eto.).

I’irst,we Zsll oarry out the calculation for a perfect

gas where
.

where q

absolute,

I

and

Then

. .

henoe

PV=RT (17a).

E=-El = ~ (Ta - TZ)Z (17b)

is the average specific heat between TI and Tao

Let
a~

C.=T+l

n= %
PI . I

(18)

(19a)

(19b)

(190)
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Wa (19d)=pzvx (tz-
-,

. . ....,-.,.. “, ----
If the dependerioe”oftemljerature

“t.=:+ = (for diabomio gases) 6.

value of m becomes large as oompared

becomes proportional to pressure p.4

ry that {l be taken as a funotionof

on av be neglected then

Henoe, * soon hs the

to ;G, tempera~ure T.

It is %herefore necessw

T.+ Acoording to the

results of Pier (Z. f. Elektrochem. , 536 (1909), alBo 16,
\
897 (1910) ) and Siegel (Z. f. physlk. Chem.

the specific heat of oxygen and nitrogen oaxried.

641, (1914) )

out eqeri-

mentally to 3000° abs. is

—a7agT
Cv = 4.78 + 0.45 X 10-s T Cal.

mol. grad.’

frcm which we find

c1 = 5.82 + 0.46 X 10-s Ta.

Since-the values given in the following table are carried out

for temperatures much above 3000° abs., the results given can

be taken as representing only the order of the magnitudes to

be expected. With the v~.ue given above for (l (19a) becomes

a quadratic equation for T. using

other equations under (19) give the

for the fluid air;

. .

thi,scalculated value th8

numerical results sought

,,, .

*Rlldenberg,&til10 ~natshefte (1916), p.23?, has carried
through a computation assuming y oonstant.
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2

1:
50

100
500

1000
2000
3000

1.23
1.76
2.58

8.28’
14.15
M.80

70● 00
106.20
134.40

Compression Impulse in Air

IL
V=

1.63
2.84
3.88

6,04
7.66

Ii.15

14.30
18.80
22.30

———

27

T=“

%bsolute

u

m/s

i!?!?
705

2260
3860

12200

191Q0
29000
36700

2150
3020
6570

9210
12900
15750

1.75
452
725

1795
259C)
5980

8560
.2210
.5050

1.63
11.14
34.9

“ 296
699
5560

14300
37600
6~900

330
426
515

794
950

~1433

1710
2070
2180

Ooncernlng the values given In the above table, It should

be stated that sound.waves have been produced in alr having a

rate of propagation around 13000 m/s. Th6se Waves were produced

In alr by detonating substances. By enclosure In a tube the.

one-dimensional movement o; the wave was observed.* A wave of

this velocity should, according to the above table, heat the air

within It to around 30,000°, that is, to a temperature of the

order attributed to fixed stars. In the last column of the t-

ble there is given the temperature that ehouldresult from sM-

batio compression slone and corresponding to a given pressure.

These values are seen to be only about 1~ of the temperature

of the impact wave. The neti to the last oolumn in the table

is of interest in estimating the e“ffectof an impact wave as.. .,- . . ,., ..
It strikes an obstaole (Rudenberg, l.c. p.254). This foroe

—
*A report of these e~eriments will shortl

f
appear in Z. f=

t?chn. Physik. ~, 152 (1922), dSO ~, 249 1922) ).

.— .. .— ——-
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(to&-limpulse i) is made up of the stat10 pressure difference -.
m-----

Pa -P;>’ landthe weight of”the flow of the mass of gas behind

the wave front pa w=.. With Pa = ~ “and the value of W from

(16 )
*=(q: pL)+Paw==(pa-pz )+’

The effect of the Impaot of the detonation wave is therefore

greater than the pressure difference by the value of the conoen-
Vx

tration faotor ~m

A similar calculation may be carried out for the ease of

liquids. For this case the equation of state for exceedingly

high pressures as stated by Tammann (Ann. d. Physik. 37, 975,

(1912) ) is applied:

P= *-=’

where C, b, snd K are constants.

The energy expression from the genersl equation is

m= ovdT+(p~-p)dv

? E= OVT+KV
..
writing

pt =p+x andvl=v.-b

(20a)

(21)

then with (20a) and the Hugoniot equation (150)

~d”frorn”(20) “ “ “ ., -,~...,---

pl V1 =. OT
.,”

These equations are in form identioal with the gaa eque$ions

above and their solution the sme as given in (19)= Hen~e if .
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Using the

‘ 23, 304 (1917)

V1 = 1.36 ~

Hos 505 ‘

a%
+1 =*-1

29“
.

P=+K ...-n’A
P1+K

T
+ ‘“’*

v
v=‘::=%

Da = Vi=
~ ‘*”

followlng values: R. Beolser(Z. f. Elektzoohemie

) K = 2792 atm. C, 0.1001 ~ ‘~~ , b = 0.94 ~~. .
Oal.

‘P = 0’564 e- erfi~’
the temperature increase

(22)

shown in the following table was obtained for the ease of ethyl
9

ether.
Pa I T=-T T - TI D m/s

atmospheres I sdiabat~c i:pact velocity
100 1.6 1.6 1260
1000 15.6 15.6 1445
10000 85 113 2680
20000 125 211 . 3000
60000 201 594 5010
100000 245 975 6430

In this case it Is to be seen that the increase of temperature

due to the impulse wave 1s, up to a pressure of some thoussnd

atmospheres,

by adiabatio

reaohed does
.

not msxked3y different from what would be Indicated’

compression. Only when very high presgures are

the difference become msrked.

6. The struoture of the compression i-se.- In order to

gain some lmowledge of the struoture of the wave front It Is

neoesssry to oarry through the integration of equations (12).
.
, Oonoeive first that the gas in the tube is such that its spe-

$ —.. —
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olfio heat Is Independent of temperature.

‘-: Stants “-” -“ .--... - . . . “
.

The values given in

Further,

30

We introduce the con-

..

c.= ~ = ~ =i=6)

(23)
parentheses refer to dlatomic gases.

To make the notation

E =~T andpv=RT.

Is multiplied by ~

known factors v, p,

of the equations as simple as possible (12b)

atd (120] by R~. In place of the un- “C.vJ

and T, we substitute for them proportional,

dimensionless magnitudes,

and further, let

(%+1= 2~~,pf=E ~f= A
Ja M OV M

.

Then equations (12b) and (120) take the form

(24)
.

(25)
.

--

U+:-l=p’g, (26a)

.
e -/i[(l-(I)y +U]’=x’g - , (26b)

e ‘~~ (260)

With the exoeptlon of the physioal oonstants 5, p’, A*, the

entire prooess is represented by the use of only me constant,cc.
,.. .

The magnitudes Ul, el, ql and u=, eat q=--which at both

sides of the wave front, are obt~ed by solvlng the quadratlo

equations, which by plaoing the left side of equations (26a) ,

k
3 — . —.. -— — —.
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(2~o) -

The relationship

and the oonstant

between the evident

a 1s, aooordhg to (270)

a=d=TF%
The vslues (27) sre easily represented on a U, e-plane

as interseotlon points of the two parabolas,

-(;. -0))’++

and
e = {(6 1-

(28a) is a pexabola independent of

and with max.lmum, u = *(e= +).

Its opening above, Its minimum, o

displaoed downwsxd (without ohange

U)a +a
}

(Fig. 5),

(28a)

(28b)

6 snda. With opening below

(28b), on the other hand, has

= 1. The pexabola (28b) is

of form) with deoreasin&

vaJ-uesof a. . It is easy to reoognlze the followlng special

oases: points of oontaot pf

cc 1=
46 + 1) = 1.04; ~ =

. . ...

the two pazabolas for

~
= 1 (limit of infinitely weak .

Pl
sound waves). (28b) inte~seots the pesk of’”(28a”)for .

F&U=%=l” p, = 1.5. (The limit of infinitely intense

sound waves: a = O; p=-.)

——
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The couxse of a single part$ole aoross
.

-“-‘“tiateil’by ’’ther-u, e. ooordlnate figure,

the wave front as indl-

wtid o,orzespondto a

c&rve whose differential equation as tia~ from (26a) end

would bs

The curve of the integrsl of (29) should pass through the

points of intersection of the parabolas, that is, through

oommon points of differential equation.

(26b)

(29)

the

k’For three special.oases the value of ~ the Integration
\

Is easily followed through:- In the first place, we see that

for the extreme values P’ = O or. h’ = O, the curve af.the

integral of (29) will be Identioal with the parabola (28a) or

(28b).

The first of these cases, nsmely, Vi = O, Is the ease

where the effect of friction is negleoted. It gives in general

no continuous oo~se of @ through the wave front; from (26a)

e -QP+u;” and henoe from (26b),
. .

=

L’g=(l+ a)(%-u) (u-%). .

“ ~ is therefore positive for all values of u between WI

and u=. But when the gas ptitlol.emoves along the curve (28a)
-... .. ..

from I to II, the vblue”of 0, aa we sawtiat first increases

with increasing compression Impulses
(
~ > 1W5) and then again

deoreases. The only way to esospe this apparent oontradiotlon

seems to be (following the suggestion of Professor Prandtl) to

h .,—— .. .—
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assume a oontinwus oourse from I only to that point IIT of the

p&abola (28a) at whloh the te~eratur$ 0= is just attained,-.-.,
-. .,,-~~-’””

(at u=l-;a)” ““ ‘“and then that the volume from value 1 - US ,

jumps to us (without ohange of temperature).

The seoond oase (A’ = O) offers no suoh diffloulty; for

from (26b)

e =5[@ -2u+l+a]

snd henoe from (26a) ~

@=~=(l+ 5)(q-&~ (~-@=)@ (30)

snd henoe, efter integration,

~ln(~-u)-u,ln(u-w~
>

= .&
Uz - (0= (30a)

The third ease presents Itself when we make the assumption

by way of trial

The ouxve shall

an’dwrite the”lntegrsl of (29)

e =A&+Bu+O (31)

pass through the points I and II. If.we intro-

duoe the value of e in (31) ipto (29), the right side of the

equation will oonslst of a polynomis3 of the seoond order In

co, whioh for ox and u= vanishes. Both polynomials have

therefore up to one faotor the vslue (0 - @z) (u - u,). Sinoe

this factor is Identloal’with that of Ua” it is clear to see

,-
that (39) by substitution of (31) beoomes ‘-. ‘“’

.

‘. _. _ _ - . —— ----- --— .—
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whioh can only be so if
J

. . .. .. . .. .
&A= A-’’---~d’B=o ~
P --%A+

34

(32)

on the other side, the points 91, ~ and ea, & must lie on

(31) whioh also requires B = O. Then

With the values (27), ●

. A=-

If this value of A

made: Equation (31)

+.; c=51+~
~

(33)

Is introduced In (32) the statement may be

gives a solution of the problem only when

26 &+6— -
26+1= ~

-A

that is when “
A’ “
T =1+26 “ (34)

: k’
This is the third speoisl value for ~ for which the integr%

tion offers small difficulty. From (31) and (33) .
.

e=*(l+a-Oa);
from (26a)

‘.-”
!. PI*= 6P.+47U . ...,,.,.

u

beoomes, since the numerator is to the right of the zero posi-

tion of Uz and Ua,
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(35)

~.--.,.. --.-...%. ., .. -----.,
or, by Int’egration

25+1 ulln(uz-u)-ualn(u-~s)
+=”=

(35a)
. ~1 - @a

This result differs from (30), where h’ = O was introduced,

only by the faotor 2 5 + 1.

The physloal application of this solution depends on how

nearly equation (34) desoribes the prooess for real gases.

From (25) and (23) we have the relations

i

t.Lov=

also
%
~=

D. E. Meyer In his gas

5? o= ~=$q%
Ov

1.4 A = 1.86T o~

theory gives the vsJ.ueof

(34a)

k = 1.6

For air thp observed values are

n = 1.7 X 10-4 and Ov = 0,17),

tained by (34) is 1.86. “ It lies

and the observed vsL-~esfor air~

n Ov

(A = 0s56 X 10-4,

h
— = 1.94.
a%

The va3ue ob-

between the gas theory value
●

1.94; The solution given by

(35) may be taken as satisfactory.

,, ..-,.-’ ,.”..,.
- , -..

7. The thickness of the 1repulsewave.- We shall oonsider

the value of M as obtained by (35a) u function of x (Fig.

6), and draw a tangent at the point of steepest inollnation to

—
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x. The length 1 between the intersection of this tangent with

.. .

.

the horizontal, w~ ‘and u= we define with

ness 1 of the wave front. Then

According to

with a value

Hdnce

2=(0).-0.): ()%/m=.
(35), & has its msxlmum for

Prandtl, the thlok-

,,, . . . . . .

“ (*)m==-{+? (6-6)
... ..

... ,,

%lSx=klmr

2 r.~m+l d
M “%

If the inorease in pressure m = ~ given then according

,, . . . . . .

hence the wave thickness.. . . . . . . . .
w

For air at atmospheric pressure and 0°0

Px %
= 1.013 x lcF cm

{1=6

(36)

to

(36a)

—-. . . . .—
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SO that

37

.. -,. ,

n,

~or

. . .- ..,s----

r
‘ - A+” “ .>. =-74.-Xlo+ ~m

1

also the impulse pressure ~ , Is e~ressed In atmospheres.

various values of & , the value of 1 from (36a) Is

Impulse pressure pa, In atm. 2

Wave thiokneas, 1 x 1(F 44y

The value of z is so sm@l that it

slons. Aocordfng to the gas theory
....... ,.

90 X 1~7/o%nd the average dlstande

5 10 100 1000 2000 3000

11? 66 1605 502 3m6 209

approaches moleculaz &@en- “

the average free path Is

between two moleoules Is

m= 303x10-’:”~om these It is seen that the

width of the wave front Is for pa = 8 atm. already less thsn

the average free path; snd at something over 2000 atm. less

than the average distance between two moleoules.

The above consideration would indicate that the fundamen-

tal.equations under (3) do not desorlbe the.aotusl processes

taking place within the wave frontb These equations, based on

‘aphysiml oontinuum, have a reel physicsl.meaning @Y so long

,

. ,.

3.–.

aEI the sepsrate gas partlales during a measurable ohange in T

and v still represent a great number of impaots. As the re-

sults just given show auoh a oonditlon oannot exist within

an Intense Impaot wave. The heating and compression is In m- .

allty muoh mor-ethe effect of &gle extr&’ly small tileouhxc -

$mpaots. A description of the oompresslonel Impnot wave that

shsll tally w$th the aotual prooess is only possible when based

—
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upon a consideration of these Individual
-,, ,.,..,,,-,,.

conoepts ‘p,v’,”&nd-T. Th~G6 magnitudes

w~e front mm have little signifioanoe.

38

impaots instead of/%e

within the area of the

Under these cdroumstanoe? a solution of the problem might

be sought from the standpoint of the klnetlo theory of gases,

and as follows: A dlstrlbutton funotiom is defined .

.’
1’(x, ts qs 0;

as having the meenlng that at the point x of the tube the

number of moleoules (per unit volume) with velooltles betweti

~ and ~+d~, q andq+dq, ~ and~+d~ 1s g$ven.

F must be so speolfled that for x = -aD or x = +OD

into the Maxwell f~~ctlon

fl = nl r
.~se-hlm[(g-~~2+~*+1* 1 .

it passes

%! 4
Y

1

in whioh m n = p = density; & = RT = ;O And’ further, the

transport of mass, momentum and energy In the =direotioxq as

well as the integrals.
. .. ._. -. . ,... .. .

mj-!~ti -ml FE&l fi:t(r +~a+nm-c -m

must be Independent of x.
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the distribution, given by F, must be

.. . . stationary as is the case aooordlng to Maxwell-Boltzmann

(Boltmann, Vorlesungen Bd. 1, equation 114) if

in Boltzmannts notation.

The solution of the problem stated in this form would be,.

however, a very incomplete substitute for the treatment of

single Impacts whioh for intense concentrations would not main-

tain a constant distribution funotlon.

The structure of the Impact wave In liquids

exaotly as in the osae of gases (Section 5), for

soopio oharaoteristics. By the use of Tammannls

may be deduced

their maoro-

equatlon of

state, the values (20, 20a, and 21) give

tlons (12b) and (120) for the stationary

Mav~+~-(J+K-~b) =

end

the fundsmentol equ-

impact wave,

~p+

GvT+vl(J+K- M%)-~Mavl a-@ b(J+K-$ b)~=~~

Let
J+ K- Mab ; JI snd F- b(J+K - ~b)=r~

Multiply the first equation by +1 the seoond by ‘a
* J@

and, as in the ease of gases, let

and for the oonstents,
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(37)

These equations are in fad wholly smlogous with (26) whioh

have slre~y been dlsoussed. In order to determine ~ioh inte-

gral (30) or (35) is to be seleoted, we have the observed value

Lf
of ~ whloh may be oompared with the vslues in (34). For the “

Nthlrd ease” we have
.

+ ‘$ = 1.33.

For the ease of ethyl ether It has been observed,

A = 0.00035

henoe

er than the

truth If we

Od, = 0.564*; q = OPO028 *;om s deg.; ‘P

.

&
— = 0.22. ~
&

is therefore about SIX times small- .

value indioa~ed in (34). We would oome nearer the

seleot the ‘Iseoondoase,a (A’ = 0), w!hiohaooordlng

to (30) gives

..... -,. da)’
~f ~ =“(1; 6’)” ‘Q’ ‘U’’ )u?’ - ‘:)

and the wave front thioknees

—-
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l’romequation (22) we obtain, as in the oa~elof.gases,
. . . . . . ,,, ,,.

wherein, as in (23)

By substituting the vslues given above, we obtain the vslues

for the $hickness

Impact pressure

Wave thickness

of the impaot wave as follows:

~, atm. 100 1000 10000 100000 .

Z x 10-7cm 52 5.3 0.65 0.14

The thickness of the wave front for the ease where the

fluid Is a liquld is seen to be of the same-order ~ that of

gases. There is met with again in this ease calculated vslues

for the thlokness of impaot waves of intense concentration,

magnitudes that are smaller than the average distanoe between

two moleoules whloh for ether IS calo~ted to be 0.55 X M)”’cm.

CQntinuum physics Is In this case, as in gases, Inadequate to .

desoribe prooesses ocmurring within Impaot waves.

,...(To be follomd by ‘TedhnioelMWot&ndti’ No. 566~ containing

P=t II of.this artlole.)
-.

●

4’ .-_._
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